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The process of energy loss of charged heavy particles in plasma has been discussed taking into
consideration photon emissions by electrons of plasma during scattering as is necessitated by quan-
tum electrodynamics. Although the range in general increases with temperature, it is found that the
numerical formula of former treatment giving a range as 7%/ is not in general, obeyed. The range is
susceptible to the initial energy as well as mass of the heavy particle as can be seen from the cases
of alphas and reaction protons for DT, DD (—p-+He®) and D He? plasmas.

1. Introduction

The penetration depth of alphas, protons or other
MeV-particles from nuclear reactions within thermo-
nuclear plasmas is of importance for the reheat and
total energy gain of these plasmas. In the case of
tokamaks, the theory for deriving a more precise
expression of the penetration depth has been elabo-
rated by Diichs and Pfirsch!, where a remarkable
improvement for the reactor conditions of tokamaks
can be expected. The penetration depth plays an
essential role for all concepls of fast-particle driven
heating and (eventually compression) of plasmas of
solid state density or higher. The decrease of the
penetration depth by a factor 14 or more for very
dense MeV-electrons in CO, plasma of solid state
density compared to solid CO, material, was a first
indication of the strong differences? to the usually
known behaviour of solids. The easy explanation of
these facts 3 by using Bagge’s generalization ? of the
Bethe-Bloch-formula, encouraged us to evaluate the
more general cases of alphas and other heavy
charged particles in high density high temperature
plasmas. An application to plasmas of the tokamak
type will need more studies of additional forces, as
e. g. incorporation of Lorentz-forces, etc.

Usually, the reheat in laser produced plasmas is
calculated on the basis of a formula for the penetra-

tion depth R derived by Winterberg ®
R~T32, (1)
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Winterberg’s formula was used for the calculation
of the nuclear fusion yields of inertial confinement
of laser produced plasmas ¢ and in the general codes
for laser compression by Brueckner and Jorna’.
Though Brueckner himself was aware of the much
more general properties of the penetration depth 5.

As has been emphasized by Feynman? it is im-
possible to scatter an electron with the emission of
no photons. The real photon emissions in scattering
brings with it the problem of infrared divergences
of quantum electrodynamics and necessitates a cut-
off factor and for this one has a natural estimate in
plasma physics. One therefore has to reconstruct the
Fokker-Planck formalism with this aspect. This is
done in this work and also the explicit formula for
the range has been derived. We recall that the ener-
getic particles, e. g. alphas in DT-plasma have initial
energies of some MeV, whereas this plasma tempera-
ture is of the order of keV. The motion of the heavy
particle is therefore rectilinear until they lose energy
by collision mainly with the electrons. The range
can then be defined as the distance travelled until
the energy is reduced to the thermal values.

It may be noted that in the work of Diichs and
Pfirsch the Fokker-Planck formulation employed
uses energy as a variable of the distribution func-
tion. A similar kinetic equation has been used by
Tsui et al.!® in their work on the time development
of the energy distribution function of the alphas. In
contrast with these treatments, we are not evaluating
the values of the distribution function, but we use
more general cross sections and calculate the slow-
ing down length R of the alphas from the Fokker-
Planck coefficients explicitly for numerical evalua-
tion.
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2. The Fokker-Plandk Formalism

Consider a distribution of different species of
particles denoted by indices s, t,... If f(r,v,¢) is
the distribution function for species s, its evolution
is governed by the Fokker-Planck equation which
we write in the form of Kramers
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n!
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mg sz t n=1
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(2)

Here the sum extends over all species, F; is the ith
component of external force (i=1,2,3) and we use
the notation

an
D™ — 3,0 each i, takes values 1, 2, 3.

a_vilhal);! “ee

ts S
a(n) = at (vi,, Ui,s ) vin) .

The a’s are the Fokker-Planck coefficients. One
should note that thermodynamic equilibrium is not
assumed for the validity of (2). We take for sim-
plicity only two species of particles are present e. g.
in a fusion plasma the electrons (subscript e) and
the alphas (subscript a). We shall neglect the inter-
action among the alphas themselves. We further
neglect the interaction a-ions. To obtain the rate of
energy loss of the alphas one has to go over to the
hydrodynamic equations. Let v (v) be a function
of velocity ¥ only. Its average i with respect to the
distribution f is defined as

=[wfdv/ffdv=(1/n) [y fdv (3)

where dv = dv, dv,dvy and n=n(r,t) = [fdv the

local density. Multiplying (2) by w(v) and inte-

grating with respect to dv one obtains
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where averaging is taken with respect to the alpha
particle.
Now by partial integration one has

JwD™ (af fa) dv = (=1)" [ afsy D™y f, dv
=(=1)"n,a D™ ™,

In the absence of external forces one can therefore
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the derivitives of y higher than second order vanish,
one obtains:
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where a;=a(v;) and b;j=a(v;,v;) are the first two
Fokker-Planck coefficients. To pick a particular
alpha with coordinate and velocity (7,,?,) we set

fa=0[r—ry(t)]16[v—v,(2)] (5)

giving n,=90(r—-r,) and w(‘v)(a) =y (v,). One
will then obtain for the energy E,=%m,v,? after
integration with respect to * and v:

dE,[dt =m, (2 a; Vait+3 Zbii) (6)

for the rate of energy loss.

To evaluate further one has to substitute the val-
ues of a; and b;; as functions of v;. Rosenbluth et
al. 1! have calculated these on the basis of Coulomb
scattering and their result has been mostly utilised
in plasma physics. Their calculation gives:

3
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and for I' (z =2 for alpha)
=4ne22/m?2)Ind (8)

with A representing the Coulomb logarithm:
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For the electrons we shall use the Maxwell-Boltz-
mann distribution

o) =N (2] e ©)
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where N, is the electron density, kT plasma tem-

perature and y =m,/2 kT .
v \3/2
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Now the range is defined as the distance travelled

until averaged thermal energy Ey, =3 kT is reached.

Thus if Ej is the initial energy of the heavy particle
the range R is given by
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As the temperature k7 increases we have z,— ;.
Thus the integral in (11) decreases to zero. How-

ever, the factor (kT)? increases much faster giving
a range which will increase with (k7).

3. Quantum Electrodynamic Contribution

As mentioned already there should be a theoreti-
cal correction to this formula since there is always
some photon emission connected with scattering.
The Feynman diagrams contributing to this are
shown in Figure 1.

Thermalisation of Energetic Charged Particles

Fig. 1. Feynman Diagram showing electron scattering in
external field together with photon emission.

Schwinger first calculated this contribution in a
relativistic way. It has been also calculated with the
help of Feynman rules by Bjorken and Drell !1. In
the non relativistic limit the corresponding cross-
section is

( do <do 2a dk 4
d.Q) d-- )c JT k 3
where a is the fine structure constant (a=1/137)
and f =u/c i. e. the relative velocity, 0 the scattering
angle, (do/dQ). is the Coulomb value. With respect
to the photon frequency @ emitted: dk/k=dw/m.
To find the contributing cross-section one has to

integrate over all possible frequencies emitted say
between i, and @ .«

<d(7> o 2a 2'941 ((’),"ji\,), 1
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This expression is divergent for wy,;,— 0 which is

sin? ©/2  (12)

the famous infrared divergence. We can use a cut-
off for this and choose the “Bagge’ frequency

e*/lp=h vy

where 2, is the Debye radias: ip=VEkT/4a N, e
Bagge * first used this value for the binding energy
correction to the Bethe-Bloch formula for the cal-
culation of penetration depth of relativistic electrons
in plasma. He obtained thereby ranges R being of
better consistency for explaining cosmic radiation
and resulting in a remarkable agreement? with the
measured strong decrease of ranges in high density
plasmas for relativistic electrons. For the maximum
frequency emitted one can use the instantaneous

energy of the alpha: £ =% o, . One thus obtains:
do 20 2 1
(d.Q) 3ac mE MK o
where
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If one uses the sum of the differential cross-section,

namely

do _<d",) +(do)

40 dQ/. dQ
there will be additional terms for a;’s and b;;’s. We
now work these out in detail: From the definitions

=[dv f.(v') {4v},
b,’j =fdv’ fe(v’) {Alii Av,-} .

Here {Av} denotes the change per unit time in the
velocity of the alpha by collision. Suppose ¥ and v’
denote the velocity of the alpha and the electron
before collision and U their relative velocity

(13)
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Now the change in u by collision, denoted AU, can
be obtained considered Figure 2.

9 Au

Fig. 2. Change in u by collision, @ denoting scattering angle.

With notations as shown in the figure one has
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Substituting for the cross-section (13) one has
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Fig. 3. Range of 3.6 MeV alpha in DT plasma of solid state
electron density. The dashed line shows values according to
Winterberg formula.
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Fig. 4. Range of proton with initial energy 14.7 MeV in DT
plasma of solid state electron density.

if kT is in electron volts one has for cgs units
m, 10°x (6.9 10°)

R= . N.22ama D
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4. Numerical Results

In the adjoining figures we show the numerical
range values as a function of plasma temperature
for solid state electron density of alphas in hydro-
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Fig. 5. Range of alpha with initial energy 2.894 MeV in
Hydrogen-Boron plasma of solid state electron density.

gen-boron and deuterium-tritium plasmas. We have
also shown in Fig. 3 the deviation from our results
of the Winterberg ® values usually used in literature.
The above result differs from the Winterberg values
at the lower and higher temperature ends.

One notes in Fig. 4 that for the case of 14.7 MeV
protons released by fusion in DT plasma the range
first decreases with increasing temperature and sub-
sequently increases. This behaviour is not shared
by the alphas. The numerical value of the range is
thus very susceptible to the ratio of the electron
mass to the heavy particle mass as well as the initial
heavy particle energy. Using the cut-off of the ./
Wmin as above, we can note that the numerical in-
fluence of the photon emissions during scattering is
not substantial although this aspect has to be taken
into account for a correct theory. This is mainly
because of the enormous mass difference of the elec-
trons and the heavy ions. However, for the case of
external relativistic electron beam heating this could
be of importance.

One should furthermore note that the larger the
estimate for log (®yax/®Wnin) is chosen, the smaller
the computed range would become. This is also
feasible since emission of very soft photons during
scattering should make this factor large. However,
in the absence of experimental data for the range it
is difficult to form any opinion on this aspect.

Conclusion

It is thus seen that usually accepted formula
R ~T?2 giving range as a function of plasma tem-
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perature for alphas in DT is not in general valid for
other cases. The emission of photons during electro-
magnetic interaction of the heavy particle and the
plasma electrons could have a substantial effect on
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